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We investigate the tradeoffs among network complexity, training set
size, and statistical performance of feedforward neural networks.

Nets, labeled as functions η : Rd → {0, 1}, classify input points x ∈ Rd

as either type 0 or type 1. The architecture of all nets under consideration
is N , whose size is gauged by its VC dimension v, the size of the largest
set of points the architecture can classify in any desired way. Nets η ∈ N
are chosen on the basis of a training set T = {(xi, ti)}ni=1. These n samples
are i.i.d. according to an unknown probability law P . Performance of a
network is measured by the error probability

E(η) = P (η(x) �= t),

and a good (perhaps not unique) net in the architecture is

η0 = arg min
η∈N

E(η).

To select a net using the training set we employ the empirical error fre-
quency

νT (η) =
1

n

n∑

i=1

|η(xi)− ti|

sustained by η on the training set T . A good choice for a classifier is then

η∗ = arg min
η∈N

νT (η).

By definition E(η∗) ≥ E(η0), and in fact arguments in Vapnik [5] can be
adapted to yield the VC upper bound

P (E(η∗)− E(η0) ≥ ε) ≤ 6
(2n)v

v!
e−nε2/8.

This inequality shows that sample sizes of about

nc =
16v

ε2
log(

6

ε
)

are sufficient to obtain a small probability of a discrepancy of more than ε
between E(η∗) and E(η0). If for purposes of illustration we take ε = .1, v =
50, we find that nc = 328 000, which disagrees by orders of magnitude
with the experience of practitioners who train such low-complexity networks
(about 50 connections).

One way to close this gap between theoretical guidelines and practical
experience is to obtain a tighter upper bound. One source of the discrepancy
is the union bound employed in the VC development, a tighter version of
which is given by Naiman and Wynn [3]:

∑

1≤i≤N

P (Ai)−
∑

1≤i<j≤N

P (Ai ∩Aj) ≤ P (
⋃

1≤i≤N

Ai) ≤

∑

1≤i≤N

P (Ai)−
∑

1<i≤N

P (Ai ∩ Ai−1).
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However, we have shown that these pairwise corrections reduce the up-
per bound by at most a multiplicative factor of n, which is insignificant
compared to other factors entering exponentially, while the lower bound
becomes trivial.

The number nc obtained via VC theory represents a sufficient condi-
tion on sample size to obtain reliable classification. To supplement this we
have obtained a lower bound or a necessary condition on the training set
size needed to obtain reliable classification by examining in detail the error
terms for a perceptron under multivariate normal input. Suppose the ob-
served data x has equal prior probability of being N(µ0, Id) or N(µ1, Id),
and that n/2 correctly classified samples are gathered from each prior.
When the means are known, the classifier η0 minimizing error probability
is

η0(x) = 1/2− sgn((x− (µ0 + µ1)/2)
T (µ0 − µ1))/2,

and E(η0) = Φ(−∆/2) where ∆2 = (µ0 − µ1)
T (µ0 − µ1) and Φ is the dis-

tribution of N(0, 1). The empirically chosen classifier when the means are
unknown is formed by substituting the sample means under each hypothe-
sis, x̄0 and x̄1, into η0:

η∗(x) = 1/2− sgn((x− (x̄0 + x̄1)/2)
T (x̄0 − x̄1))/2.

E(η∗) is hard to find (see [1], sec. 6.6), but it can be approximated using
arguments in the spirit of Raudys [4]. The condition necessary for reliable
classification becomes

E(η∗)− E(η0) ≈ Φ(−(∆/2)(1 + 4d/n∆2)−1/2)− Φ(−∆/2) < ε,

uniformly over all values of ∆. Analysis reveals that meeting the above
condition requires

n ≥ v

33ε2
,

lower than the VC sufficient condition by a factor of order just log(1/ε).
For this special case, it also improves on the necessary condition n > v/32ε
obtained by Baum and Haussler [6]. This result confirms that the VC
bound is relatively tight, and demonstrates that practitioners are overly
optimistic when using small sample sizes.
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